ABSTRACT. We say that a commutative ring R is a u-ring provided R has the property that an ideal contained in a finite union of ideals must be contained in one of those ideals; and a um-ring is a ring R with the property that an R-module which is equal to a finite union of submodules must be equal to one of them. The primary purpose of this paper is to characterize u-rings and um-rings. We show that fi is a umring if and only if the residue field R/P is infinite for each maximal ideal P of R; and R is a u-ring if and only if for each maximal ideal P of R either the residue field R/P is infinite or the quotient ring Rp is a Bezout ring.
R has the property that an ideal contained in a finite union of ideals must be contained in one of those ideals; and a um-ring is a ring R with the property that an R-module which is equal to a finite union of submodules must be equal to one of them. The primary purpose of this paper is to characterize u-rings and um-rings. We show that fi is a umring if and only if the residue field R/P is infinite for each maximal ideal P of R; and R is a u-ring if and only if for each maximal ideal P of R either the residue field R/P is infinite or the quotient ring Rp is a Bezout ring.
Introduction. All rings considered are commutative with identity 1^0, and R denotes a ring with total quotient ring T(R). For a multiplicative system S oi R and a unitary R-module Al, we use standard conventions concerning properties and notation for the quotient ring Rs and the quotient module Ms (e.g. see [G, p. 52] , [N, p. 14] , [K, p. 22] , [ZS, p. 221] ; in particular, ARS will denote the ideal in Rs associated with the ideal A oi R by the canonical map from R to R$. The "running indices" will usually be dropped from finite intersections, unions, and sums; thus \JA., IIA., and 2A . will uniformly mean that i ranges from z = 1 to i = n. An ideal A oi R is called a zz-ideal provided A C KJA . implies A C A . for some z, where A ..., A are ideals of R.
It is well known that an ideal of R contained in a finite union of prime ideals of R must be contained in one of those primes [K, p. 55] , [M] , but it does not seem to have been generally observed that this property holds in certain rings (e.g. Dedekind domains) even if none of the ideals involved are prime. In [M] , McCoy shows that A C U^ . implies Ak C C\A . tor some positive integer k in a general commutative ring, provided A is not contained in the union of any zz -1 of the A .; in addition he proves an analogous result for subgroups of a group G.
Preliminary results.
In this section we show that in considering zz-rings we can replace A C \JA. by A = \JA{, thus motivating the definition of zzzzz-rings; moreover, only finitely generated A need be considered.
In addition, we show that every invertible ideal is a a-ideal.
The proofs of the following two propositions are easy and we omit them. (1) Each ideal of R is a u-ideal.
(2) Each finitely generated ideal of R is a u-ideal.
(3) A = UA . finitely generated => A = A . for some i.
iA) A = UA . => A = A . for some i. By a fractional ideal F of R we understand an P-module F C TiR) tor which there exists a regular element (i.e., not a zero divisor) r of R such that rF C R.
Theorem 1.5. Every invertible ideal of R is a u-ideal. (i) // R is a um-ring, then R/P is infinite.
(ii) // R is a u-ring, then either R/P is infinite or R is a Bezout ring.
Proof. If Al is finitely generated and not principal, then so is M/P M as a vector space over R/P [N, p. 13]; moreover, Al = R © R is such a module.
Characterization of zz-rings and am-rings.
We first reduce the general case to the case in which R has only finitely many maximal ideals, and then deal with that situation. (a) R zs (2 um-ring.
(b) Rp zs fl um-ring for every maximal ideal P of R.
(c) R/P is infinite for every maximal ideal P of R. (a) R is a um-ring.
(b) Rp is a um-ring for every maximal ideal P of R.
(c) R/P is infinite for every maximal ideal P of R.
Proof. This follows directly from Propositions 1.3, 2.1, and Theorem 2.2.
Lemma 2.4. // R has only finitely many maximal ideals and R" z's a BSzout ring for each maximal ideal M of R, then R is a BSzout ring.
Proof. Let M,, ... , M be the maximal ideals of R and for each i = 
